We simulate a theory with two dynamical O(a) improved Wilson quarks whose mass M ranges from a factor eight up to a factor two below the charm quark mass and at three values of the lattice spacing ranging from 0.066 to 0.034 fm. This theory is a prototype to study the decoupling of heavy quarks. We measure the mass and cut-off dependence of ratios of gluonic observables defined from the Wilson flow or the static potential. The size of the 1/M corrections can be determined and disentangled from the lattice artifacts. The difference with the pure gauge theory is at the percent level when two quarks with a mass of the charm quark are present.
Decoupling of heavy quarks
Heavy quarks are expected to decouple from low energy observables. We consider here only observables where the quarks with mass M contribute through loops and no states with an explicit heavy quark. At energies E much smaller than the mass M of the heavy quark, the theory with N f quarks, of which one is heavy, is described by an effective Lagrangian with N f − 1 quark fields
(1.1)
In this sense we denote by N f → N f − 1 the decoupling of one heavy quark. Here we assume a situation where in finite volume there is a non-anomalous chiral symmetry in the sector of the light quarks (which is spontaneously broken in infinite volume). The terms in the effective Lagrangian have to be gauge-, Euclidean-and chiral-invariant. In particular chiral symmetry forbids a dimension five Pauli term. 1 L 6 contains composite fields of dimension six. The Pauli term only appears in L 6 in the combination m lightψlight σ µν F µν ψ light when the light quarks have a mass m light . At low energies the decoupling of the heavy quark leaves traces through renormalization. The gauge coupling g eff (M) of the effective theory depends on the mass M of the heavy quark. This dependence comes from the matching of the effective theory with the full theory. When we assume all light quarks to be mass-less and neglect all terms O(E 2 /M 2 ), g eff is the only coupling in Eq. (1.1). Only it has to be matched. However, the value of the coupling at a given scale is equivalent to the Λ-parameter of the theory. This drops out [1] in all dimensionless physical quantities such as ratios
Thus for such ratios, the matching is irrelevant. In the same way, the value of the bare improved coupling 2g2 0 is irrelevant when one computes ratios such as r 1 /r 0 with r 1 /a and r 0 /a at the same mass. Therefore these ratios are directly given by their values in the theory with the heavy quark removed up to power corrections in 1/M 2 . It is the size of these corrections which we want to estimate here. In the following we denote by M the renormalization group invariant quark mass [2] .
Simulations
We simulate a model, namely QCD with two heavy, mass-degenerate quarks. The decoupling is then 2 → 0 and the effective theory, L
, is the Yang-Mills theory up to 1/M 2 corrections. We use N f = 2 O(a) improved Wilson fermions [3] at three values of the lattice coupling g 2 0 and lattice spacing a: 6/g 2 0 = 5.3 (a = 0.0658(10) fm from [4] ), 6/g 2 0 = 5.5 (a = 0.0486(7) fm from [4] ) and 6/g 2 0 = 5.7 (a = 0.0341(5) fm estimated from the ratio of the scale t 0 /a 2 at 6/g 2 0 = 5.5 and 5.7). Our volumes are such that the lightest pseudo-scalar mass times the box size is m PS L ≥ 7.4 1 This term was included in the talk in Eq. (1.1). Its absence was pointed out to us by Martin Lüscher, whom we thank.
2 Byg 2 0 = (1 + b g (g 2 0 ) am) g 2 0 we denote the improved bare gauge coupling of the fundamental theory formulated on the lattice, where m is the bare PCAC mass and g 0 is the bare gauge coupling. and L/r 0 (M) ≥ 3.8, where significant finite volume effects can be excluded. A list of the simulated ensembles is given in Table 1 .
Part of the simulations are performed using periodic boundary conditions (except for antiperiodic boundary conditions in temporal direction for the fermions) and the MP-HMC algorithm [5] . In order to avoid the freezing of the topological charge, for simulations with t 0 /a 2 > 5.5 [6, 7] we adopt open boundary conditions in time and use the publicly available openQCD package [8] . At the smallest lattice spacing a = 0.034 fm we find autocorrelation times for observables such as t 0 or the topological charge squared of τ exp 250 MDU (Molecular Dynamics Units), see Fig. 1 . Our statistics of 4000-8000 MDU is therefore adequate. The error analysis, based on [9] , nevertheless includes the effects of modes with these large autocorrelation times [6] . The cost of our simulations is relatively low compared to simulations in the chiral regime.
The renormalized quark mass m SF (L 1 ) at length scale L 1 is defined by m SF (L 1 ) = Z A /Z P (L 1 ) m, where the renormalisation factor Z P (L 1 ) is defined in the Schrödinger Functional scheme as in [4] . The axial current renormalization factor, Z A , is fixed by a chiral Ward identity [10] . For the determination of the PCAC masses we use Tomasz Korzec's program 3 . The renormalization group invariant mass M is obtained by multiplying m SF (L 1 ) with the factor
is computed using the values of L 1 /a from [4] (at 6/g 2 0 = 5.7 we get L 1 /a = 11.07 (17)) and Λ L 1 from [12] . We take the Λ parameter to be defined in the MS scheme. The values of M/Λ are tabulated in Table 1 . Their accuracy is around 7% and is dominated by the relative error of Λ L 1 .
Numerical results
In order to study the effects of heavy sea quarks, we pick low energy gluonic observables with a strong dependence on the number N f of sea quarks [13] . For example we consider the scales t 0 [14] and w 0 [15] defined from the action density E (t) = t 2 E(x,t) , where t is the Wilson flow time, through
Furthermore we take the scales r 0 [16] and r 1 [17] defined from the static force F(r) through
Using these scales we form dimensionless ratios
We correct the values of the ratios for small differences in the values of M/Λ, cf. Table 1 and have been chosen to keep the size of the mass corrections small at the finer lattice spacings. The strategy is to fit the data points on the finest lattices linearly in M/Λ and in Λ/M and then take the slopes from the fits to correct the data at the other lattice spacings. The statistical error of the corrected data is augmented by the difference between the two fits. We neglect in the corrections the error on M/Λ since it mainly comes from Λ and is therefore common to all points. The continuum extrapolations are done by global fits to the ratios R Lat measured on the lattices, see the left panel of Fig. 2 for R = t 0 /w 2 0 and of Fig. 3 for R = r 2 0 /t 0 . The continued lines correspond to fits where the slope s of the a 2 effects at M = 0 is fixed from [18] 6) where the continuum values R(M) and k 1 , k 2 are the fit parameters. The dashed lines correspond to fits
where the continuum values R(M) and k 0 , k 1 are the fit parameters. The continuum values for N f = 0 (M/Λ = ∞) are taken from [14] and our own results, while the values for N f = 2 at M = 0 are from [13] . Table 2 for ratios like in Eq. (3.4) but taken between quantities of dimension one. The factor 1/N f is used to rescale the effects to the case of the decoupling of a single heavy quark 1 → 0.
Conclusions
Our numbers provide an estimate for charm effects in low energy observables in 2 + 1 + 1 simulations. As can be seen from Table 2 these effects are very small, between 1 and 6 permille, in our model of decoupling 2 → 0 heavy quarks (the numbers in Table 2 are rescaled for decoupling 1 → 0). This suggests that tiny effects are being missed in 2 + 1 simulations at low energies, given that no qualitative difference between decoupling 2 → 0 and decoupling 2 + 1 + 1 → 2 + 1 is expected. In this work we investigated low energies up to r 
